Abstract: We present a Monte Carlo simulation for the scattering of light in the case of an isotropic light source. The scattering phase functions are studied particularly in detail to understand how they can affect the multiple light scattering in the atmosphere. We show that although aerosols are usually in lower density than molecules in the atmosphere, they can have a non-negligible effect on the atmospheric point spread function. This effect is especially expected for ground-based detectors when large aerosols are present in the atmosphere.
Introduction
Light coming from an isotropic source is scattered and/or absorbed by molecules and/or aerosols in the atmosphere. In the case of fog or rain, the single light scattering approximation -when scattered light cannot be dispersed again to the detector and only direct light is recorded -is not valid anymore. Thus, the multiple light scattering -when photons are scattered several times before being detected -has to be taken into account in the total recorded signal. Whereas the first phenomenon reduces the amount of light arriving at the detector, the latter increases the spatial blurring of the isotropic light source. This effect is well known for light propagation in the atmosphere and has been studied by many authors, e.g. [1] . The problem of light scattering in the atmosphere has no analytical solutions and Monte Carlo simulations are usually used to study light propagation in the atmosphere. A multitude of Monte Carlo simulations have been developed in the past years, all yielding similar conclusions: aerosol scattering is the main contribution to atmospheric blur, atmospheric turbulence being much less important. A significant source of atmospheric blur is especially aerosol scatter of light at near-forward angles [1, 2] . The multiple scattering of light is affected by the optical thickness of the atmosphere, the aerosol size distribution and the aerosol vertical profile. Whereas many works have studied the effect of the optical thickness, the aerosol blur is also very dependent on the aerosol size distribution, and especially on the corresponding asymmetry parameter of the aerosol scattering phase function. The purpose of this work is to better explain the dependence of the aerosol blur on the aerosol size, and its corresponding effect on the atmospheric point spread function. Section 2 is a brief introduction of some quantities concerning light scattering, before describing in detail the Monte Carlo simulation developed for this work. Then, in Section 3, we explain how different atmospheric conditions affect the multiple scattering contribution to the total light arriving at detectors within a given integration time across all space. This result is finally applied to the point spread function for a ground-based detector in Section 4.
Simulation of atmospheric scattering
Throughout this paper, the scatterers in the atmosphere will be modelled as non-absorbing spherical particles of different sizes. Scatterers in the atmosphere are usually divided into two main types -aerosols and molecules. More details about this work can be found in [3] .
The density of scatterers in the atmosphere
The attenuation length (or mean free path) Λ associated with a given scatterer is related to its density and is the average distance that a photon travels before being scattered. For a given number of photons N traveling across an infinitesimal distance dl, the amount scattered is given by dN scat = N × dl/Λ. Density and Λ are inversely related such that a higher value of Λ is equivalent to a lower density of scatterers in the atmosphere. Molecules and aerosols have different associated densities in the atmosphere and are described respectively by a total attenuation length Λ mol and Λ aer . The value of these total attenuation lengths in the atmosphere can be modelled as horizontally uniform and exponentially increasing with respect to height above ground level h agl . The total attenuation length for each scatterer population is written as
where {Λ 0 aer , Λ 0 mol } are multiplicative scale factors, {H 0 aer , H 0 mol } are scale heights associated with aerosols and molecules, respectively, and h det is the altitude difference between ground level and sea level. The US standard atmospheric model is used to fix typical values for the molecular component: Λ 0 mol = 14.2 km and H 0 mol = 8.0 km [4] . These values are of course slightly variable with weather conditions [5] but the effect of molecule concentration on multiply scattered light is not of prime interest in this work. Atmospheric aerosols are found in lower densities than molecules in the atmosphere and are mostly present only in the first few kilometres above ground level. The aerosol population is much more variable in time than the molecular one as their presence is dependent on many more factors such as the wind, rain and pollution [6] . However, the model of the exponential distribution is usually used to describe aerosol populations. Only the parameter Λ 0 aer will be varied and H 0 aer is fixed at 1.5 km for the entirety of this work. Scattering phase functions are in units of probability per solid angle Ω as opposed to probability per unit of ψ as necessary to get the probability density function of the polar angle ψ. Thus, the scattering phase functions P mol (ψ) and P aer (ψ) have to be multiplied by 2π sin ψ to remove the solid angle weighting. (right) Sketch of the source and a detector. A diagram showing how the detector is simulated to have an extent of 2π in azimuthal angle to increase the amount of statistics retrieved for indirect photons.
The different scattering phase functions
A scattering phase function is used to describe the angular distribution of scattered photons. It is typically written as a normalised probability density function expressed in units of probability per unit of solid angle. When integrated over a given solid angle Ω, a scattering phase function gives the probability of a photon being scattered with a direction that is within this solid angle range. Since scattering is always uniform in azimuthal angle φ for both aerosols and molecules, the scattering phase function is always written simply as a function of polar scattering angle ψ. Molecules are governed by Rayleigh scattering which can be derived analytically via the approximation that the electromagnetic field of incident light is constant across the small size of the particle [4] . The molecular phase function is written as
where ψ is the polar scattering angle and P mol the probability per unit solid angle. The function P mol is symmetric about the point π/2 and so the probability of a photon scattering in forward or backward directions is always equal for molecules. Atmospheric aerosols typically come in the form of small particles of dust or droplets found in suspension in the atmosphere. The angular dependence of scattering by these particles is less easily described as the electromagnetic field of incident light can no longer be approximated as constant over the volume of the particle. Mie scattering theory [7] offers a solution in the form of an infinite series for the scattering of non-absorbing spherical objects of any size. The number of terms required in this infinite series to calculate the scattering phase function is given in [8] , it is far too time consuming for the Monte Carlo simulations. As such, a parameterisation named the Double-Henyey Greenstein (DHG) phase function [9, 6] is usually used. It is a parameterisation valid for various particle types and different media [10, 11, 12] . It is written as
where g is the asymmetry parameter given by cos ψ and f the backward scattering correction parameter. g and f vary in the intervals [−1, 1] and [0, 1], respectively. Most of the atmospheric conditions can be probed by varying the value of the asymmetry parameter g:
9) or rain (0.9 ≤ g ≤ 1.0) [13] . Changing g from 0.2 to 1.0 increases greatly the probability of scattering in the very forward direction as it can be observed in Fig. 1(left) . The reader is referred to [14, 15] to see the recently published work on the relation between g and the mean radius of an aerosol: a physical interpretation of the asymmetry parameter g in the DHG phase function is the mean aerosol size. The parameter f is an extra parameter acting as a fine tune for the amount of backward scattering. It will be fixed at 0.4 for the rest of this work.
Monte Carlo code description
We here introduce a Monte Carlo simulation code that traces the paths of photons in the atmosphere between their isotropic source and a detector, accounting for changes in their vector position and their probability for having been attenuated. An isotropic light source is simulated by creating N photons with the same initial position and isotropically distributed initial directions. To achieve isotropy in the initial directions, the azimuthal angle φ is generated randomly in the interval [0, 2π[ and the polar angle θ by θ = cos −1 (R) with R randomly generated in the interval [−1, 1[. The formula θ = cos −1 (R) accounts for the weighting of the solid angle at a given θ equal to d(cos θ ). Photons are then propagated through a given distance D. The step length dl = c×dt used in the program is set as dl = D/1000. A photon is randomly scattered by an aerosol, molecule or not at all in accordance with the probabilities dl/Λ aer , dl/Λ mol or 1 − dl/Λ aer − dl/Λ mol , respectively. Scattering in the azimuthal angle φ is isotropic for both types. In contrast, as explained in the previous subsection, scattering in the polar angle ψ is dependent on the scattering phase function involved: the Rayleigh and the Double HenyeyGreenstein scattering phase functions are used for molecular and aerosol scattering events, respectively. Finally, the polar coordinates relative to the source's initial position {r rel , θ rel , φ rel } are used to store the position of all scattered photons at the end of each simulation. A horizontally uniform density distribution for aerosols and molecules is assumed for the vertical profile of the atmosphere. Thus, using isotropy in azimuthal scattering angle φ for all scattering phase functions, a symmetry in the distribution of φ rel for all scattered photons should be found for a sufficiently high number of initial photons. The isotropy in φ rel means that any data found at a constant {r rel , θ rel } is the same for all values of φ rel [0, 2π[. Thus, all information given on the 3-D distribution in space can be given in terms of r rel and θ rel only. The present work does not investigate the effect of a change of the vertical distribution of aerosols (i.e. exponential shape and vertical aerosol scale H 0 aer ), nor the effect of overlying cirrus clouds or aerosol layers on the multiple scattered light contribution to direct light. The next section presents a general overview of how scattered photons disperse across space for different atmospheric conditions.
Global view of indirect photon contribution to the total light detected
This section aims to discuss how different aerosol conditions, and especially different scattering phase functions, affect the ratio of indirect to direct light arriving at detectors within a given time interval (or integration time) t det across all space. The simulation is used to propagate photons from an isotropic source for a given distance D, at which point the positions of direct photons are stored. Indirect photons are then simulated to propagate for a further amount of time t det . Any of these indirect photons crossing the sphere of direct photons with radius D within the time t det are considered detected. Simulations here are run separately for atmospheres of only molecules or aerosols. Density parameters of {Λ 0 aer = 25.0 km, H 0 aer = 1.5 km} for the aerosol population are deliberately chosen such that the effects observed can not be simply accredited to an over-estimated density of aerosols in the atmosphere. Figure 2 shows results for a detection time of t det = 100 ns for atmospheres of molecules only (left) and aerosols only with values of g = {0.3, 0.9} (middle and right, respectively). At θ rel = 0 • (i.e. positive vertical axis), r rel extends in a direction directly above the initial source's position and at θ rel = 180 • (i.e. negative vertical axis) directly to the ground. It displays the ratio of indirect to direct photons N indirect /N direct detected at the point {r rel , θ rel }, within the interval of time starting when direct photons reach the point and finishing within a time t det later. For all configurations, there is an increasing ratio of indirect to direct photons observed towards ground level. This is expected as the amount of direct photons decreases and indirect photons increases due to the increasing concentration of scatterers at lower heights. Of much greater interest is the fact that at ground level, N indirect /N direct for aerosols with a high g value is much greater than N indirect /N direct for molecules (in spite of a much lower concentration). This directly demonstrates that, for low detection times, a high value of g has an influence on the ratio N indirect /N direct that outweighs the fact that aerosols are at a lower density than molecules. It is explained by the accumulation of indirect photons just before the direct photon ring when the g value is increased. Indeed, in the case of a higher detection time, a photon being much further from the direct photon sphere has enough time to reach the sphere and be detected. In contrast, for a lower detection time, a high forward scattering peak is necessary for the photons to be close enough to the direct photons and arrive within this detection time. Hence, taking into account the relative density of molecules and aerosols in the atmosphere, the multiple scattering caused by aerosols is not negligible near to ground level, especially for large values of asymmetry parameter g and low detection times t det . The next section continues to investigate the effect of changing g and t det but for the specific case of a ground-based detector.
Atmospheric point spread function for a ground-based detector
The quantity of multiple scattered light recorded by an imaging system or telescope is of principal interest, and especially this contribution as a function of the integration angle ζ . The angle ζ is defined as the angular deviation in the entry of indirect photons at the detector aperture with respect to direct photons. For direct photons from an isotropic source, the angle of entry is usually approximated to be constant as the entry aperture of the detector is always very small relative to the distance of the isotropic sources. In contrast, multiply scattered photons can enter the aperture of the detector at any deviated angle ζ from the direct light between 0 • and 90 • . The value ζ for each indirect photon entering the detector is calculated by considering its deviation from direct light in elevation and azimuthal angle noted ∆θ and ∆φ , respectively: ζ = cos −1 [cos ∆θ cos ∆φ ]. A Taylor expansion of this equation, keeping all terms up to second order, means that ζ can approximately be written as ζ ≈ ∆θ 2 + ∆φ 2 .
The main problem in simulating indirect light contribution at detectors is obtaining reasonable statistics within reasonable simulation running times. The root of the problem is the very small surface area of the detector relative to the large distances where isotropic sources are created. In the following we describe how we circumvent these problems. The amount of direct photons is calculated analytically by modelling the detector as a point relative to the initial position of the isotropic source. Thus, all direct photons are considered to follow the same path and the infinitesimal change in the number of direct photons dN direct for an infinitesimal step length dl is then written
The same approach as explained in [16] is used to cut running times of the simulation for indirect photons. The symmetry in the distribution of scatterers in azimuthal angle, as explained in Section 2.2, is once again applied here. This symmetry means that so long as the detector has the same height and distance from the source, the azimuthal angle relative to it is unimportant. As such, the surface area of the detector is increased in the simulation by extending it through an azimuthal angle of 2π so that a greater amount of indirect photons is detected and better statistics are obtained. The setup of the extended detector is drawn in Fig. 1(right) , where the strip of the sphere has a width corresponding to the diameter of the detector. Also, stopping the tracking of all photons that can no longer be detected further reduces the simulation time.
This part aims to look at the effect of changing aerosol size (via the asymmetry parameter g) on the amount of indirect light recorded at the detector for an isotropic source at different positions. The integration time of the detector is set to t det = 100 ns and the aerosol attenuation length is fixed at Λ 0 aer = 25 km. The percentage of light due to indirect photons against integration angle ζ is given by the ratio (indirect light) over (direct light + indirect light), where the direct or indirect light signals are the number of photons collected within the given integration angle ζ . Figure 3(left) shows the results for an isotropic source placed at a distance of D = 1 km and at a very low inclination angle of θ inc = 3 • (θ inc = sin −1 (h source /D), where h source is the height of the source above ground level). As expected, the amount of signal due to indirect light increases consistently with integration angle ζ as all direct light arrived at ζ = 0 • . These curves are similar to measurements done, for instance, by Bissonnette [17, 18] . A more interesting feature is the increased contribution from indirect light for increasing aerosol size (i.e. a higher value of the asymmetry parameter g). Comparing the situation of an atmosphere with no aerosols to one with aerosols, atmospheric aerosols have a non-negligible effect on the percentage of indirect light received at a ground-based detector. The explanation of this observation lies once again in the anisotropy associated with the scattering phase function. In Figure 3 (right), it is observed that for an increasing time, the total amount of signal due to indirect light also increases. For the 900 ns interval between t det = 100 ns and t det = 1000 ns, the amount of signal due to indirect light increases greatly, meaning that there are still a lot of indirect photons yet to arrive after the integration time of 100 ns. However, this observation is not true anymore after a large time delay, typically greater than 4000 ns in our case.
Conclusion
A Monte Carlo simulation for the scattering of light has been created and used to observe atmospheric aerosol effects on the percentage of indirect light collected by detectors. The study began with a general description of the dispersion of scattered photons in different atmospheric conditions. It was found that for an increased value of the asymmetry parameter g (i.e. a larger aerosol size), a greater accumulation of scattered photons delayed with respect to direct photons by only a few hundreds of ns is found. The principal argument presented in this work is that, even for a low density of aerosols in the atmosphere, the ratios of indirect to direct photons detected can be comparable or greater to those caused by molecules. In particular, the value of detection time t det is proved to play an important role on the relative effects of molecules and aerosols on the ratio. This phenomenon is also used to estimate the aerosol size distribution, especially for very large aerosols. The technique is described in detail in [19, 20, 21] .
In addition, this aerosol size effect could still solve some unsolved experimental observations as the measurement done at the Pierre Auger Observatory [22, 23] a few years ago. Indeed, part of the point spread function measured by ground-based telescopes is still not fully understood, i.e. cannot be reproduced in simulations [24, 25] . One of possible explanations could be an additional contribution coming from a population of large aerosols present in the atmosphere.
